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In this short review we describe some aspects of κ-deformation. After discussing the al-
gebraic and geometric approaches to κ-Poincare´ algebra we construct the free scalar field
theory, both on non-commutative κ-Minkowski space and on curved momentum space. Fi-
nally, we make a few remarks concerning interacting scalar field.
1. INTRODUCTION
Poincare´ algebra is one of the most important structures of modern high energy physics. On
the one hand it is an algebra of infinitesimal symmetries of flat Minkowski spacetime, including
rotations with generators Mi, boosts with generators Ni, and translations with generators P0, Pi,
i = 1, 2, 3 satisfying the following commutator algebra κ-Poincare´ is a quantum deformation of
Poincare´ algebra1
[Mi, Pj ] = i ǫijkPk, [Mi, P0] = 0 (1)
[Ni, Pj ] = i δij P0 , [Ni, P0] = i Pi. (2)
[Mi,Mj ] = i ǫijkM
k, [Mi, Nj ] = i ǫijkN
k, [Ni, Nj ] = −i ǫijkNk, (3)
As it is well known elementary particles can be thought of as representations of this algebra and
this is the reason why Poincare´ algebra plays such a fundamental role in modern physics. In the
language of quantum field theory we demand that the action is Poincare´ invariant, which is achieved
by using the fields that transform covariantly under relevant representations of the Poincare´ group.
As for the states, they must transform under unitary representation of this group. It usually comes
without saying that when acting on the states that have the form of tensor products (for examply,
the multiparticle states in Fock representation), the action of Poincare´ group is Leibnizean, i.e.,
∗Electronic address: jerzy.kowalski-glikman@ift.uni.wroc.pl
1 We use the (−,+, . . . ,+) signature.
2the generator acts on the first state leaving the other intact, then on the second, etc, and then the
results of these actions are summed. As we will see this is Leibniz rule that can be nontrivially
generalized and a particular generalization is the essence of κ-deformation.
It was about 25 years ago when such generalization was proposed in a series of seminal papers
[1], [2], [3], in which a Hopf algebra, being a deformation of Poincare´ algebra was derived by
contraction the Hopf algebra SOq(3, 2) (deformed Anti de Sitter algebra.) It turned out that the
deformation parameter of the resulting algebra, denoted by κ, is by construction dimensionful,
with dimension of mass. Since Poincare´ symmetry is a symmetry of flat spacetime it was claimed
from the very beginning that its deformation, κ-Poincare symmetry, must have something to do
with quantum gravity, and therefore it is expected that the parameter κ should be identified with
the quantum gravity energy scale, the Planck mass, MP l ∼ 1019 GeV. It was only recently when
this claim found its solid proof (albeit still in the framework of a rather restricted model – see
below.)
Since the deformed κ-Poincare´ algebra possesses a mass scale, a physical theory, in which
this algebra plays a role similar to that the standard Poincare´ symmetry plays in the theory of
particles and fields, will also have to incorporate this scale in some way. One of the ways one can
incorporate the scale of mass in relativistic theory is to assume that it plays a role of a second
observer independent scale, in addition to velocity of light, but built in the theory in such a way
that the relativity principle (equivalence of internal observers) still holds. This idea lead to the
formulation of Doubly Special Relativity [4], [5], [6], [7] (see [8] for review.)
The Poincare´ algebra can be seen as describing the flat momentum space and its Lorentz
symmetry. Having it, one can construct the dual object, the flat Minkowski space with the Lorentz
group action on it. In the deformed case the situation is analogous, but much more interesting.
First of all, the space dual to the momentum sector of κ-Poincare´ is a non-commutative space,
with the non-commutativity scale ℓ equal to the inverse of κ and thus of order of the Planck
length, ℓ ∼ 10−35 m [9], [10]. Second, the geometry of momentum space becomes non-trivial: the
momentum space associated with κ-Poincare´ has a form of the manifold of the group AN(3), being
a submanifold of de Sitter space with constant curvature proportional to κ2 [11], [12], [13]. As a
consequence of the non-trivial geometry of momentum space one is forced to abandon one of the
basic postulates of modern physics, the absolute locality, and to replace it with the “principle of
relative locality” [14], [15], [26].
As said above, it was very clear from the early days of κ-deformation that it has to have
something to do with quantum gravity. Surprisingly, the direct link was hard to establish, despite
3numerous attempts [17], [18], [19]. Only recently the direct proof of emergence of κ-deformation
from quantum gravity appeared [20]. In this paper, in the context of 2 + 1 Euclidean quantum
gravity it was shown that κ-Poincare´ is a symmetry of flat, quantum spacetime. Let us now briefly
recall how this result came about.
The starting point of the paper [20] is to define the meaning of the term “symmetry of flat
quantum spacetime.” We know that in classical general relativity the flat spacetime is Minkowski
space and its symmetries are given by (1-3). These Poincare´ algebra commutational relations can
be derived from classical gravity as follows. In the Hamiltonian treatment of general relativity,
the theory is completely described by two infinite, labeled by space point x sets of constraints,
the diffeomorphism constraints Di(x), generating diffeomorphisms in space and the Hamiltonian
constraint H(x) related to diffeomorphism in time direction. Instead of working with constraints
labeled by points one can use their smeared version, where the constraints are integrated against
arbitrary functions, to wit
D[~f ] =
∫
Σ
Di(x)f i(x) , H[g] =
∫
Σ
H(x)g(x) .
Then the smeared constraints satisfy the Poisson bracket algebra
{D[f1], D[f2]} = D[[f1, f2]]{D[f ], H[g]} = H[f i∂ig]{H[g1], H[g2]} = D[f(g1, g2)] (4)
with
[f1, f2] = f
i
1 ∂i
~f2 − f i2 ∂i ~f1 f i(g1, g2) = hij(g1 ∂jg2 − g2 ∂jg1) (5)
where hij is the metric on the three-dimensional space Σ. Remarkably, the algebra (4) reproduces
the Poincare´ algebra if the smearing functions are chosen such that the vector ξµ = (h, f i) is one
of the Killing vectors of Minkowski space and hij is the flat Euclidean metric2. Explicitly, we
represent translation as
P0 =
∫
Σ
H , Pi =
∫
Σ
Di ,
while for the Lorentz generators we have
Ni =
∫
Σ
xiH , Mi = ǫijk
∫
Σ
xj Dk ,
2 The analogous statement holds for other maximally symmetric space, de Sitter or Anti de Sitter space.
4and one can check that after substituting this to (4) one obtains the Poincare´ algebra. The idea
now is to find the commutator algebra of quantum operators, corresponding to the classical diffeo-
morphism and Hamiltonian constraints, use again the smearing functions being the Killing vectors
of Minkowski space and the Euclidean metric in the appropriate places, and finally, investigate the
properties of the resulting algebra of symmetries of quantum flat space.
Unfortunately, for technical reasons this program cannot be carried on in the physical 3+1
dimensions. However, one can do that in the case of Euclidean gravity with positive cosmological
constant in 2+1 dimensions, where the algebra of symmetries of “quantum Euclidean de Sitter
space” turns out to be a direct sum of two Hopf algebras suq(2) ⊕ su−q(2) ∼ soq(4), where the
deformation parameter q = exp(i~
√
Λ/2κ), with Λ being the cosmological constant, and κ the
three-dimensional Newton’s constant (of dimension of mass.) One can then take the limit of
vanishing cosmological constant (which turns out to be a quite non-trivial procedure) obtaining as
a result the algebra of symmetries of “quantum flat spacetime” which turns out to be the (three
dimensional) κ-Poincare´ algebra. The reader is referred to the paper [20] where all the details of
this construction are described.
The fact that the symmetries of “flat quantum spacetime” in three dimensions are κ-deformed
indicates that the same should also happen in the physical 3+1 dimensions. The brief argument in
favor of this claim goes as follows (for more elaborate version see [18].) Classically 2+1 dimensional
Minkowski space is a submanifold of the 3+1 dimensional one, and therefore the 2+1 dimensional
Poincare´ algebra is a subalgebra of the 3+1 dimensional one. Also the algebra of constraints of 2+1
gravity is a subalgebra of the 3+1 dimensional one (one can use only the class of smearing functions
satisfying f i = (f1, f2, 0), with f1, f2, g depending only on two coordinates on Σ, (x1, x2).) Then
it seems natural to expect that the algebra of commutators of quantum constraint operators of
3+1 quantum gravity contains as a subalgebra the 2+1 dimensional one. But the latter is a κ-
deformed algebra and therefore the algebra of symmetries of 3+1 dimensional quantum flat space
cannot be just the ordinary Poincare´ algebra. Even more, since as we will see the rotation sector
of κ-deformed algebra is un-deformed, the 2D vector f i = (f1, f2, 0) can be rotated to the 3D one
in the un-deformed way, and therefore the resulting deformed 3+1 dimensional symmetry algebra
should be also the κ-Poincare´ algebra in 3+1 dimensions.
The present review of κ-deformation is complementary to the one I wrote five years ago [21],
and I concentrate here on formal structures of κ-Poincare´ algebra and the dual κ-Minkowski space.
In the next section the Hopf algebra perspective on κ-deformation is described. Then in the
following section the complementary, more group theoretical and geometrical picture is presented.
5The technical tools described earlier are then used to formulate the free scalar field theory. Finally,
the interacting scalar field and path integral are briefly described.
2. HOPF ALGEBRA PERSPECTIVE
There are several equivalent ways one can introduce κ-deformation. Let us start with the most
direct one, for which the starting point is the κ-Poincare´ algebra, as derived by Lukierski, Nowicki,
Ruegg, and Tolstoy [1], [2], [3] and presented in its final form by Majid and Ruegg [10]. This is
this final form that we will present below
Being a Hopf algebra, the κ-Poincare´ algebra consists of several mutually compatible structures,
the algebra, the co-algebra, and the antipode. Their physical relevance of these structures will
become clear from what will be said below.
The algebra. The algebra of κ-Poincare´ can be thought of as an universal enveloping (nonlin-
ear) algebra with the generators of boosts Ni, rotations Mi, energy k0, and linear momentum ki
satisfying the following commutational relations
[Mi, kj ] = i ǫijkkk, [Mi, k0] = 0 (6)
[Ni, kj ] = i δij
(
κ
2
(
1− e−2k0/κ
)
+
k2
2κ
)
− i 1
κ
kikj , [Ni, k0] = i ki. (7)
[Mi,Mj ] = i ǫijkM
k, [Mi, Nj ] = i ǫijkN
k, [Ni, Nj ] = −i ǫijkNk, (8)
The basis of κ-Poincare´ algebra defined above is called the ‘bicrossproduct’ basis.
The most important thing to notice about this algebra is that it is a deformation of the standard
Poincare´ algebra, which goes away in the limit κ→∞, i.e., in this limit the algebra (6–8) becomes
the standard Poincare´ algebra (1)–(3). The second important point is that that the deformation
parameter κ has the dimension of mass and therefore, since the boost and rotation generators are
dimensionless, only the momentum sector is being deformed.
One can ask a question if it is possible to simplify this algebra by a non-linear transformation
of the generators, and the answer is affirmative. In fact in terms of the new momenta generators
Pµ
P0(k0,k) = κ sinh
k0
κ
+
k2
2κ
e
k0
κ
Pi(k0,k) = ki e
k0
κ (9)
6the algebra (6–8) becomes the standard Poincare´ algebra. This basis of the algebra is called
‘classical’ and is discussed in details in [22], where its subtle mathematical aspects are emphasized.
In what follows we will also need the object
P4(k0,k) = κ cosh
k0
κ
− k
2
2κ
e
k0
κ (10)
which will find its natural place in the physical applications of κ deformation.
The set of momentum generators like kµ and Pµ defines what is called in the literature the basis
of the algebra. Clearly there are infinitely many different bases; the only requirement is that when
the deformation is being switched off, κ → ∞, all of them turn back to the standard Poincare´
algebra.
From the physical perspective therefore it should not matter, which basis one uses to describe
physics. In fact there is no physical principle that tells us that one particular basis is preferred by
nature – they should play a role similar to that played by coordinate systems in general relativity,
where relativity principle tells us that descriptions of physical phenomena in any coordinates are
equivalent. As we will see later this analogy is in fact more direct than it seems to be.
On the other hand, different bases look really differently (compare for example (6–8) with the
standard Poincare´ algebra), so the question arises how is it possible that they describe the same
physics. Moreover, since among available bases there is the classical one with the algebra identical
to the standard Poincare´ one, is there some new physics described by the deformed theory? There
must be some more structures involved that make the κ deformation differ from the standard
un-deformed physics.
The coproduct. One of the elements of this larger structure is the coproduct, defining the way
the generators of the algebra act on products; for example, the co-product of the energy k0 defines
the way in which one can compute the total energy of two- and many-particles states. In the
abstract terms the coproduct ∆ of is a mapping from the algebra A in question to the tensor
product of two copies of the algebra A⊗A.
In κ-deformation the co-product of rotation generators is un-deformed, meaning that it acts in
the standard, Leibnizean way on tensor products
∆(Mi) =Mi ⊗ 1l + 1l⊗Mi (11)
For boosts the co-product is more complicated and reads
∆(Ni) = Ni ⊗ 1l + e−k0/κ ⊗Ni + 1
κ
ǫijkkj ⊗Mk. (12)
7while for momentum generators we have
∆(ki) = ki ⊗ 1l + e−k0/κ ⊗ ki, ∆(k0) = k0 ⊗ 1l + 1l⊗ k0 (13)
To see what the co-product is needed for consider a two-particle state, in which the first particle
carries the (four) momentum k(1), while the second k(2); then, the corresponding two particle state
is given by
|k〉 =
∣∣∣k(1)〉⊗ ∣∣∣k(2)〉 , k(total)µ |k〉 = ∆(k)µ ∣∣∣k(1)〉⊗ ∣∣∣k(2)〉
so that the total momentum of this state is
k
(total)
0 = k
(1)
0 + k
(2)
0 , k
(total)
i = k
(1)
i + e
−k
(1)
0 /κ k
(2)
i
Among many things that the coproduct is good for a very interesting one is the construction of
the non-commutative spacetime associated with the κ-Poincare´ algebra [10], . It goes as follows.
Similarly to the standard Poincare´ case we define the spacetime as a dual to the momentum sector
of the algebra (6)–(8). In the first step we introduce the position variables Xµ and the action of
momenta and Lorentz generators on them
kν ⊲ X
µ = −iδµν , Ni ⊲ Xj = iX0 δji , Ni ⊲ X0 = iXi (14)
Next we have to define the action of momenta on polynomials built from X. This is the step, in
which the coproduct finds its natural application, to wit
k ⊲ (XµXν) ≡
∑
k(1) ⊲ (X
µ) k(2) ⊲ (X
ν) (15)
where we made use of the, so called, Sweedler notation
∆k =
∑
k(1) ⊗ k(2)
Then, from (15) we compute
k0 ⊲ (X
0Xi) = k0 ⊲ (X
0) 1l ⊲ (Xi) + 1l ⊲ (X0) k0 ⊲ (X
i) = −iXi
and
k0 ⊲ (X
iX0) = k0 ⊲ (X
i) 1l ⊲ (X0) + 1l ⊲ (Xi) k0 ⊲ (X
0) = −iXi
Similarly
kj ⊲ (X
0Xi) = kj ⊲ (X
0) 1l ⊲ (Xi) + e−k0/κ ⊲ (X0) kj ⊲ (X
i) = −iδij +
1
κ
δij
8and
kj ⊲ (X
iX0) = kj ⊲ (X
i) 1l ⊲ (X0) + e−k0/κ ⊲ (Xi) kj ⊲ (X
0) = −iδij
We see therefore that
k0 ⊲ [X
0,Xi] = 0 , kj ⊲ [X
0,Xi] =
1
κ
δij
and therefore we conclude that the positions do not commute
[
X0,Xi
]
=
i
κ
Xi (16)
One can check that all other commutators of positions vanish.
The non-commutative spacetime defined by relations (16) is called κ-Minkowski space.
It is worth noticing that since the momenta commute, the same calculation done for polynomials
of momenta forces us to assume that the coproduct of positions is un-deformed
∆(Xµ) = Xµ ⊗ 1l + 1l⊗Xµ . (17)
The commutational relation (16) does not look covariant, but in fact it is, as a result of a
nontrivial boosts’ coproduct. Let us compute using (12)
Nj ⊲ [X
0,Xi] = −1
κ
X0 δij = Nj ⊲
i
κ
Xi ,
where Nj ⊲ X
0 = iXj , Nj ⊲ X
j = iδijX0 which indeed shows that κ-Minkowski space defining
commutator is Lorentz-covariant.
When one changes the basis of the algebra, the coproduct changes too, in a natural way. For
example, in the case of the classical basis (9) we have
∆P0 = κ sinh
∆k0
κ
+
∆k2
2κ
e
∆k0
κ
=
1
κ
P0 ⊗ (P0 + P4) +
∑
Pk(P0 + P4)
−1 ⊗ Pk + κ (P0 + P4)−1 ⊗ P0
∆Pi = ∆ki e
∆k0
κ =
1
κ
Pi ⊗ (P0 + P4) + 1l⊗ Pi (18)
In deriving these relations one uses the identities ∆k2 = ∆k∆k, e∆k0/κ = ek0/κ ⊗ ek0/κ, and
ek0/κ = P0 + P4.
It is important to notice that the coproduct of κ-Poincare´ algebra is not symmetric, and for
this reason it is non-reducibly not trivial in any basis. This property distinguishes the κ-Poincare´
algebra from the naive deformations of the Poincare´ algebra.
9To see this more explicitly, let us consider the standard Poincare´ algebra
[Mi, pj] = i ǫijkpk , [Mi, p0] = 0
[Ni, pj] = i δij p0 , [Ni, p0] = i pi
[Mi,Mj ] = i ǫijkM
k, [Mi, Nj ] = i ǫijkN
k, [Ni, Nj ] = −i ǫijkNk,
with coproducts of all generators trivial, ∆(p0) = p0 ⊗ 1l + 1l ⊗ p0, etc. One can convince oneself
that if we apply the transformation (9) to find out what is the coproduct of momentum variables
kµ the resulting coproduct will be quite complicated, but still symmetric. Then, proceeding as
we did above, one can check that this new coproduct is compatible with commutative spacetime
structure. In fact any symmetric coproduct can be turned to the trivial one by an appropriate
change of the algebra generators.
One can therefore conclude that in the case of κ-Poincare´ it is not the deformation of the
algebra that really matters, but the coproduct and the associated non-commutative spacetime
structure.
There is yet another interesting calculation which requires the knowledge of the coproduct. In
order to define the whole of the phase space of a κ-deformed system, we need the commutators
generalizing the Heisenberg algebra. These are defined with the help of the so-called Heisenberg
double [23].
[k,X] =
∑
X(1)
〈
k(1),X(2)
〉
k(2) −Xk (19)
where we made use of the pairing between momenta and positions
〈kµ,Xν〉 = −iδνµ , 〈1l, 1l〉 = 1 (20)
so for example
[k0,X
0] = −i , [ki,Xj ] = −i δji , [ki,X0] =
i
κ
ki . (21)
One can check that these deformed Heisenberg relations together with (16) satisfy Jacobi identities
and are covariant with respect to Lorentz transformations. It should be remarked at this point
that the phase space as a whole does not have the Hopf algebra structure. In order to deform
the phase space, one presumably has to make use of more general structures, like the one of Hopf
algebroid (see [24] for further discussion).
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This concludes our discussion of the coproduct and now let us turn to the last structure on the
list.
Antipode, denoted by S, is a deformed minus and is given by
S(Mi) = −Mi , S(Ni) = −ek0/κ
(
Ni − 1
κ
ǫijkkjMk
)
(22)
while for momenta we have
S(k0) = −k0 , S(ki) = −kiek0/κ (23)
The physical meaning of the antipode will become clear from the more group theoretical and
geometrical perspective that we are going to discuss now.
3. GROUP THEORETICAL/GEOMETRICAL PERSPECTIVE
Let us now try to look at κ-deformation from a different, complementary perspective. The
starting point are the commutational relations of κ-Minkowski space (16). They define a Lie
algebra, which is called the an(3) algebra. In this name a stands for ‘abelian’ (generator X0) while
n for ‘nilpotent’ (since the generators Xi are represented by nilpotent matrices), for example, the
5-dimensional representation of these matrices reads
X0 = − i
κ


0 0 1
0 0 0
1 0 0

 Xi = iκ


0 ǫ T 0
ǫ 0 ǫ
0 −ǫ T 0

 , (24)
with ǫ being a three dimensional vector with a single unit entry, and one can check that (Xi)3 = 0.
It is natural to consider an associated group element
AN(3) ∋ eˆk ≡ eiki Xˆi eik0X0 (25)
This group element generalizes the plane waves (as we will see below it is a solution of deformed
Klein-Gordon equation) and therefore it is called sometimes the ‘non-commutative plane wave’
[25]. It is clear from (25) that the momenta kµ have a natural interpretations to be coordinates on
the group manifold AN(3). Calculating the matrix form of the non-commutative plane wave with
the help of the representation of the generators (24) we find
eˆk = KA
B =
1
κ


P¯4 −Pe−k0/κ P0
−P κ 1l −P
P¯0 Pe
−k0/κ P4

 (26)
11
where (P0,P, P4) are given by (9), and
P¯4(k0,k) = κ cosh k0/κ+
k2
2κ
ek0/κ
P¯0(k0,k) = κ sinh k0/κ− k
2
2κ
ek0/κ (27)
The matrix KA
B is the matrix representation of a general AN(3) group element. To see what is the
group manifold of this group let us act with this matrix on a vector in R5 with only fifth component
non-zero
1
κ


P¯4 −Pe−k0/κ P0
−P κ 1l −P
P¯0 Pe
−k0/κ P4




0
0
κ

 =


P0
−P
P4

 (28)
We see therefore that the points on the AN(3) group manifold can parametrized by five numbers
P0,P, P4 satisfying
P 24 − P 20 +P2 = κ2 , P0 + P4 = ek0/κ > 0 , P4 > 0 , (29)
which is nothing but a submanifold of the four dimensional de Sitter.
The momentum space associated with κ-deformation is curved.
It is worth stoping here for a moment, to comment on the structure of momentum space. In
special relativity the momentum space is a structureless flat linear space and therefore there exists
the most natural Cartesian coordinate system there and, for a simple dimensional reason, there
is no real alternative to the standard, linear composition law of momenta. The situation changes
dramatically when the energy scale κ becomes available, because then we can construct arbitrary
nonlinear structures. This means, in particular that there are a priori no privileged coordinates on
curved momentum space, and all of them should describe the same physics, unless there is a good
physical reason to prefer a particular one. This means that we could describe deformed physics in
terms of any coordinates, or any deformed algebra basis. In this review we will mainly use two
bases the bicrossproduct one, with momentum variables k and the classical one with momentum
variables P . There is one more convenient basis, the so-called normal one, which is briefly presented
in the Appendix.
The non-commutative plane wave (25) exhibits properties that are in one to one correspondence
with the coproduct and antipode, shedding light on the meaning of them. For example, consider
the product of two plane waves, i.e., the composition of two AN(3) group elements
eˆk⊕l ≡ eˆkeˆl = eiXi(ki+e−k0/κli)eiX0(k0+l0) , (30)
12
so that we see that the coproduct (13) of momenta is nothing but the prescription following
from the group elements composition rule. This is not really surprising: in the κ-deformed case
the momentum space is a non-abelian group and therefore the only meaningful way to combine
momenta is to make use of the group product (in fact the same holds in the standard, un-deformed
case; here momenta form an abelian group with addition being the group operation.)
Similarly, the antipode (23) can be naturally understood as an expression for the inverse group
element (or the action of the adjoint)
(eˆk)
† = e−ik0X
0
e−ikiX
i
= e−iˆ(e
k0/κki)X
i
e−ik0X
0
= eˆS(k) . (31)
Having the plane waves we can define the Fourier transform, in analogy with the standard un-
deformed case. Since the momentum manifold is commutative (albeit curved), it is convenient to
start with the scalar function φ(k) and define the corresponding spacetime function as
φ(X) =
∫
AN(3)
dµ(k)eˆk φ(k) , (32)
where we return to interpreting X as an abstract non-commutative variable.
The measure dµ(k) (32) is assumed to be the canonical, translational invariant measure on
AN(3) manifold. To construct it, we need to find the metric, which turns out to be an easy
exercise.
The metric on AN(3) is the induced one, obtained from the flat metric on R5
ds25 = −dP 20 + dP2 + dP 24 . (33)
Using the defining relation P 24 = κ
2 + P 20 −P (29) and (9) we find
ds2
AN(3) = −dk20 + e2k0/κ dk2 (34)
which is the de Sitter space metric, as expected. Therefore
dµ =
√
−g(k)d4k = e3k0/κ dk0d3k . (35)
One can check by explicit calculation that the measure (35) is invariant under infinitesimal Lorentz
transformations (7). This is consequence of the fact that the metric (34) is an induced one,
constructed from the manifestly Lorentz invariant metric (33). In fact, expressed in classical basis
the measure takes the form
dµ =
d4P
P4/κ
(36)
13
which is manifestly Lorentz invariant. Some more discussion concerning the κ-deformed momentum
space can be found in [26] and [27].
This completes the preliminary description of the Fourier transform (32). We will return to it af-
ter defining the star product, which is a convenient tool enabling one to work with the commutative
position variables x, instead of the non-commutative X.
Before doing that we must dwell for a moment on the construction of deformed differential
calculus [28], [29]. Indeed, we know now how to construct functions of the non-commutative
positions (32), but we still do not know how to differentiate them. We certainly want the differential
calculus to be Lorentz covariant, so that the partial derivative of a scalar function transforms as a
vector with respect to Lorentz transformations, etc. Surprisingly, the resulting differential calculus
must be five-dimensional, i.e., apart from the differentials dXµ and derivatives ∂µ the additional
objects dX4 and ∂4 must be included, so that the differential of the non-commutative plane wave
takes the form
deˆk = idX
µ ∂ˆµeˆk + idX
4 ∂ˆ4eˆk ≡ idXA ∂ˆAeˆk (37)
with
∂ˆµeˆk = Pµ eˆk, ∂ˆ4eˆk = (κ− P4) eˆk (38)
where PA = (Pµ, P4) are given by (9). Since Pµ transform in the standard linear way as components
of a Lorentz vector, while P4 is a Lorentz scalar, the covariance of the calculus is manifest.
Now we have all the ingredients to introduce the star product3 The idea is to use instead of
the non-commutative plane waves eˆk the standard exponentials on commutative spacetime with
coordinates xµ of the form eiPµ(k)x
µ
, with functions Pµ(k) to be defined, such that composition
and adjoint properties of eiPµ(k)x
µ
are in the one to one correspondence with the composition and
adjoint rules for eˆk, (30) and (31). We fix the function Pµ(k) requiring that the action of the
derivative ∂ˆ on eˆk is i times the action of the ordinary derivative on the commutative plane wave
eiPµ(k)x
µ
. This fixes P (k) to be given by (9), so that
eˆk 7→ eiPµ xµ . (39)
The star product is then defined as follows
eˆk eˆl 7→ eiP (k)µxµ ⋆ eiQ(l)µxµ = ei(P⊕Q)µxµ . (40)
3 Here we follow the approach of [30]. The star product associated with κ-Minkowski space is discussed also in [31],
[32], [33].
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From the coproduct rule (18) we infer
(P ⊕Q)0 = 1
κ
P0Q+ + κ
Q0
P+
+
PQ
P+
,
(P ⊕Q)i = 1
κ
PiQ+ +Qi , (41)
where for the later convenience we abbreviate
P+ ≡ P0 + P4 (42)
We can also define the adjoint of the plane wave using eq. (31)
(eˆk)
† = eˆS(k) 7→
(
eiPµx
µ)†
= ei(⊖P )µx
µ
(43)
where we used a new notation (⊖) to denote the antipode.
(⊖P )0 = −P0 + P
2
P+
=
κ2
P+
− P4 , (⊖P )i = −κ Pi
P+
, ⊖P+ = κ
2
P+
(44)
Notice an interesting property of the antipode: ⊖Pµ are the same functions of Pµ as Pµ is expressed
in terms of ⊖Pµ, exactly as it is on the case of ordinary minus. Clearly, P ⊕ (⊖P ) = 0.
This concludes our presentation of the ingredients that are necessary to construct the scalar
field theory with κ-deformed symmetries.
4. κ-DEFORMED SCALAR FIELD
In constructing κ-deformed field theories we will start with the formulation of the theory in
the non-commutative κ-Minkowski spacetime, using the star product, and then, with the help of
Fourier transform, we turn to the momentum space picture. Let us therefore start with discussing
Fourier transform in some details.
As it turns out the convenient definition of Fourier transform is (in what follows we do not use
tilde to denote the Fourier transform; this will be either explicit or clear from the context)
φ(P ) =
P4
κ
∫
d4x ei⊖Pxφ(x), φ(x) =
∫
AN(3)
d4P
(2π)4
eiPx
P4/κ
φ(P ) =
∫
AN(3)
dµ(P )eiPxφ(P ) (45)
Let us consider the generic quadratic term in the Lagrangian
∫
d4xφ(x) ⋆ ψ†(x) =
∫
d4x
∫
AN(3)
dµ(P )dµ(Q)φ(P )ψ∗(Q) eiPx ⋆
(
eiQx
)†
=
∫
d4x
∫
AN(3)
dµ(P )dµ(Q)φ(P )ψ∗(Q) ei(P⊖Q)x (46)
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where P ⊖ Q ≡ P ⊕ (⊖Q). The expression (46) is pretty complicated, but can be simplified
considerably in a number of the following steps, making use of (41), (44). Consider the exponent
ei(P⊖Q)x = exp
[
ix0
(
κ
P0
Q+
− κ Q0
P+
+
κQ
P+
(
Q−P
Q+
))]
exp
[
ixi
(
κ(Pi −Qi)
Q+
)]
It can be simplified by the linear transformation xi → xi+x0 (P i−Qi)/P+ (which does not change
the measure d4x) to become
ei(P⊖Q)x = exp
[
ix0
κ
Q+P+
(P0P+ −Q0Q+)
]
exp
[
ixi
κ
Q+
(Pi −Qi)
]
(47)
Next we use the identity 2P0 = P+ − κ2P−1+ +P2/P+ and the analogous one for Q to rewrite
P0P+ −Q0Q+ = 1
2
(P 2+ −Q2+) +
1
2
(
P2 −Q2)
The second term in this expression can be removed by a linear change of position variables, as
before. Then we absorb the factor into x0 and change momentum variables, to obtain
ei(P⊖Q)x ∼ 2P+Q+
κ(P+ +Q+)
(
Q+
κ
)3
exp
[
ix0 (P+ −Q+)
]
exp
[
ixi (Pi −Qi)
]
(48)
where the ∼ indicates that the equality holds only in the integral (46). Therefore we obtain
∫
d4xφ(x) ⋆ ψ†(x) =
∫
AN(3)
dµ(P )dµ(Q)φ(P )ψ∗(Q)
(
P+
κ
)4
δ (P+ −Q+) δ3 (P−Q) (49)
This formula can be further simplified. Keeping in mind the fact that thanks to the second delta
we can take Q = P, and we have∫
dP0 δ (Q+ − P+) f(P0) =
∫
dP+
P4
P+
δ (Q+ − P+) f(P0(P+))
=
Q4
Q+
f(Q0) =
∫
dP0
P4
P+
δ (Q0 − P0) f(P0)
where we used the fact that f(P0(Q+)) = f(Q0). Thus, finally∫
d4xφ(x) ⋆ ψ†(x) =
∫
AN(3)
dµ(P )
(
P+
κ
)3
φ(P )ψ∗(P ) (50)
There is one more thing that we still have to clarify, namely the relation between φ∗(P ) and φ(P )
in the case of a real field. It is convenient to establish this relation first for the noncommutative
plane waves, and then turn to the P momentum coordinates. From (32) we have for real field
φ†(X) =
∫
AN(3)
e3k0/κ dk0d
3k eˆS(k) φ
∗(k) =
∫
AN(3)
dS(k)0d
3S(k) eˆS(k) φ
∗(S(k)) = φ(X)
=
∫
AN(3)
e3k0/κ dk0d
3k eˆk φ(k) (51)
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and it follows that
φ∗(k) = e−3k0/κ φ(S(k)) or φ∗(P ) =
(
κ
P+
)3
φ(⊖P ) (52)
so that, from (50) we have∫
d4xφ(x) ⋆ ψ†(x) =
∫
AN(3)
dµ(P )φ(P )ψ(⊖P ) (53)
Since the ⋆-product is not symmetric the changing φ with ψ in (53) will lead to the slightly
different momentum space expression. Repeating the steps that has led us to this last equation we
find ∫
d4xψ†(x) ⋆ φ(x) =
∫
AN(3)
dµ(P )
(
κ
P+
)3
φ(P )ψ(⊖P ) (54)
It seems therefore that we have in our disposal two field bilinears which can be used to build
the free field action: one resulting from (53)
S53 =
1
2
∫
d4x
(−+m2)φ(x) ⋆ φ†(x) = 1
2
∫
AN(3)
d4(P )
P4/κ
φ(⊖P )φ(P ) (P 2 +m2) (55)
and another by (54)
S54 =
1
2
∫
d4xφ†(x) ⋆
(−+m2)φ(x) = 1
2
∫
AN(3)
d4(P )
P4/κ
(
κ
P+
)3
φ(⊖P )φ(P ) (P 2 +m2) (56)
In order to decide which of these two is correct, we must now check if they are invariant under
deformed Poincare´ transformations [34], [35]. As we will see the coproduct will play an important
role here.
Consider the translational symmetry first. In momentum space representation the spacetime
translations correspond to phase transformations. For the infinitesimal translations in direction µ
with parameter ξ we have therefore
δTµ φ(P ) = iξPµ φ(P ) (57)
and similarly
δTµ φ(⊖P ) = iξ(⊖P )µ φ(⊖P )
If we choose to use the standard Leibniz rule we would find that the term φ(⊖P )φ(P ) is not
invariant, because P0 + (⊖P )0 6= 0. At this point the coproduct magic comes to rescue. Indeed
φ(⊖P )φ(P ) is a product of two terms and instead of Leibnitz rule we should use the coproduct
summation one. Then the result of the action of δT on φ(⊖P )φ(P ) will become proportional to
17
(⊖P ⊕ P )0 = 0 which renders this term invariant. Explicitly with the help of (18), (44), and the
identity ⊖P−1+ = P+/κ2 we find
δT0 (φ(⊖P )φ(P )) = iǫ
(
1
κ
(⊖P )0P+ + (⊖P )iPi ⊖ P−1+ + κ⊖ P−1+ P0
)
φ(⊖P )φ(P ) = 0
Since φ(⊖P )φ(P ) = φ(P )φ(⊖P ) it is worth checking if this computation gives the same result for
another ordering as well. The reader can check that this is indeed the case. This shows that the
action is invariant under time translations. The space translations invariance can be shown in a
similar way.
Actually, the translational invariance can be elegantly derived in a bit more abstract way as
follows. The bilinear lagrangian can be rewritten, by changing variables ⊖Q→ Q as
L ∼ φ(P )φ(Q) δ(P ⊕Q) .
Therefore
δTµL ∼ δTµ (φ(P )φ(Q)) δ(P ⊕Q) = (P ⊕Q)µ φ(P )φ(Q) δ(P ⊕Q) . (58)
But the last expression is of the form x δ(x) and therefore it vanishes identically.
Let us now turn to Lorentz invariance. Consider rotations first. The rotation sector of κ-
Poincare´ is not deformed and therefore rotation generators satisfy the standard Leibniz rule. We
have for rotation with the axis defined by the vector ρi (in what follows, since the space is Euclidean
with positive metric, we take liberty not to raise/lower indices everywhere)
δR φ(P ) = iρiǫijk Pj
∂
∂Pk
φ(P )
and similarly
δR φ(⊖P ) = iρiǫijk ⊖ Pj ∂
∂ ⊖ Pk
φ(⊖P )
Now since
ǫijk ⊖ Pj ∂
∂ ⊖ Pk = ǫijk Pj
∂
∂Pk
both the actions (55) and (56) are invariant under rotations, because the measure and P+ manifestly
are.
Now we can turn to the invariance under boosts parametrized by the infinitesimal parameter
λ. Similarly to what it was in the case of rotations we have
δB φ(P ) = iλi
(
P0
∂
∂Pi
+ Pi
∂
∂P0
)
φ(P )
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and
δB φ(⊖P ) = iλi
(
⊖P0 ∂
∂ ⊖ P i +⊖Pi
∂
∂ ⊖ P0
)
φ(⊖P )
It can be checked by a quite tedious, but direct calculations4 which makes use of the boost gener-
ators coproduct
△(Ni) = Ni ⊗ 1l + e−k0 ⊗Ni + ǫijkkj ⊗Mk = Ni ⊗ 1l + P−1+ ⊗Ni + ǫijkPj P−1+ ⊗Mk (59)
that
δB (φ(P )φ(⊖P )) = iλi
(
P0
∂
∂P i
+ Pi
∂
∂P0
)
(φ(P )φ(⊖P )) (60)
Then the action is invariant if the measure and other terms are manifestly Lorentz invariant objects.
This is the case for the action (55) since P4 is Lorentz-invariant, but not for the action (56), because
P+ is not Lorentz-invariant. Therefore it is the action (55) that should be taken as a free field
action satisfying the required invariance properties. It should be remarked at this point that so
far we showed the invariance under infinitesimal Lorentz transformations. As it turns out there
is still a problem concerning the finite Lorentz transformations, since the defining property of the
AN(3) group manifold P+ > 0 is no Lorentz-covariant. This problem was discussed in [36], [29],
and finally solved in [37].
We conclude the free field construction by presenting the momentum space action for the real
scalar field interacting with an external source J(P ), to wit
S =
1
2
∫
AN(3)
d4(P )
P4
φ(⊖P )φ(P ) (P 2 −m2)+ J(⊖P )φ(P ) + J(P )φ(⊖P ) (61)
It is worth stressing once again that this action differs from the usual one by a nontrivial measure
and range of integration and by the fact that the −P of the un-deformed theory is replaced by
⊖P . This action is the basic building block for the perturbative quantum field theory in the path
integral formalism.
Having derived the free field action let us now discuss briefly interaction terms, considering
only the φ4 theory. It follows from our experience with the free theory that we should start with
the spacetime action being an integral of φ4 = (φ ⋆ φ†) ⋆ (φ ⋆ φ†)† because we know that φ ⋆ φ†
4 It is easier to make this calculation in the bicrossproduct basis, as it was done in [35], and then change the basis
back to the classical one.
19
transforms as a scalar. We propose therefore
Sφ4 =
λ
4!
∫
d4x dµφ(P )φ∗(Q)φ∗(R)φ(S) exp
(
ixµ [(P ⊖Q)⊖ (R⊖ S)]µ
)
(62)
where dµ denotes collectively the integration measure for all the momenta. This equation can be
rewritten in a more symmetric form by integrating over x and replacing φ∗(Q)→ φ(⊖Q) and then
changing integration variables ⊖Q→ Q.
Sφ4 =
λ
4!
∫
d4P
P4
d4Q
Q4
d4R
R4
d4S
S4
φ(P )φ(Q)φ(R)φ(S) δ (P ⊕Q⊕R⊕ S) (63)
This is our final formula for the φ4 interaction term. The φ3 interactions can be constructed
analogously. It should be noticed that since the field φ is commutative the product of fields in
this expression imposes the symmetrization of the delta function. It should be noted that the
translational invariance of this quartic interaction term is evident, because, similarly to (58) we
have
δTµ (φ(P )φ(Q)φ(R)φ(S)) δ (P ⊕Q⊕R⊕ S)
= (P ⊕Q⊕R⊕ S)µ φ(P )φ(Q)φ(R)φ(S) δ (P ⊕Q⊕R⊕ S) = 0 .
Further investigations concerning the φ4 κ-deformed scalar field can be found, for example in
[40], [41].
Let us complete this section with the brief discussion of quantum scalar field theory (see [38]
for an early, but still up to date discussion). What makes the κ-deformed field theory different
from the standard, un-deformed one is that the integration measure over momenta is nontrivial,
containing the P4 factor, and that in the vertex one has the κ-modified delta δ (P ⊕Q⊕R⊕ S)
instead of the standard δ (P +Q+R+ S) one. It is a convenient property of the classical basis
that the propagator 1/(P 2+m2) remains un-deformed. It follows that the κ-deformed, momentum
space Feynman rules are analogous to the standard ones, with the new integration and vertex
conservation rule used. This observation can be probably extended to the case of higher spins,
because there are good reasons to believe (see the forthcoming paper [39]) that the spin factors are
not modified by κ-deformation. The discussion of gauge theories on κ-Minkowski spacetime can
be found in [42].
One can see the consequences of κ-deformation already on the free field level. For example
one can ask a question if the deformation influences the short distant (ultraviolet) behavior of
quantum fields, and it turns out that it indeed does. In the recent paper [43] the properties of
the κ-deformed static potential have been discussed and it turned out that the potential does not
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diverge in the limit of the vanishing distance from the source. This suggests that κ-deformation
exhibits an important property, associated with quantum gravity that it serves as a ultraviolet cut-
off for field theories. Another way of interpreting this result is that at short distances/ ultra high
energies the effective spacetime dimension decreases down to D=3. Such dimensional reduction
was also expected to be a property of quantum gravity [44].
5. CONCLUSIONS
The aim of this short review was to describe the formal structure of the κ-deformation of
Poincare´ algebra. This was done in the Hopf-algebras language in Section 2 and in the group
theoretical/geometrical one in Section 3. Then these so-obtained technical tools were used to
construct the theory of κ-deformed scalar field.
There are many features of κ-deformation that are still obscured. Most importantly the relation
of this deformation and quantum gravity in the physical 3 + 1 dimensions is still far from clear.
Does the κ-deformation indeed follow from quantum gravity; if so is it an exact symmetry of flat
quantum spacetime, as it is the case in 2 + 1 dimensions, or is it the case in some approximation
(presumably semiclassical) only?
Another interesting question concerns free κ-deformed quantum fields on nontrivial gravitational
backgrounds. Does κ-deformation shed some new light on the problems and puzzles related to the
gravitational theormodynamics and physics of black holes? These questions are currently being
investigated.
It was recently established [43] that κ-deformation renders the point particle potential finite,
serving as some kind of UV cutoff. It is interesting to ask if it acts in a similar way in the case of
loop divergencies of QFT. Also is κ-deformation immune to the notorious UV/IR mixing problem
of the canonically non-commutative quantum field theories?
Hopefully all these, and other, questions will find their answers in a near future.
6. APPENDIX. NORMAL COORDINATES
Even if physics cannot depend on a choice of basis, it is, of course, desirable to choose the basis
being as simple as possible. Here we describe a particularly simple basis of κ-Poincare` algebra,
which seemed to escape an attention so far (with an exception of [45], where some of the properties
of this basis have been briefly discussed.) This basis is characterized by the property that the total
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momentum of two identical particles of identical momenta is twice the individual momenta
(p ⊕ p)µ = 2pµ (64)
as in the undeformed case. In what follows this basis will be called the normal basis of κ-Poincare`
algebra, because (64) is the defining defining condition of normal Fermi coordinates.
Such basis is of interest from the point of view of Relative Locality [14] (see [21] review.)
Indeed, in various constructions in the relative locality framework, for example in the discussion
of the soccer ball problem [46] one finds the normal coordinates satisfying eq. (64) particularly
useful. Since κ-Poinare` momentum space with κ-Poincare` (quantum) algebra of symmetries is the
most studied example of Relative Locality it is worth constructing the associated normal basis and
investigating its properties.
Clearly, if the momenta pµ(g) are defined such that a group element g is represented as
g = exp (ipµX
µ) (65)
the Fermi basis defining relation (64) is satisfied. Indeed, since the momentum composition is
defined as
exp (ip1,µX
µ) exp (ip2,µX
µ) = exp (i(p1 ⊕ p2)µXµ) (66)
we have eipµX
µ
eipµX
µ
= e2ipµX
µ
as required.
The commonly used basis of κ-Poincare` algebra is the so called bi-crossproduct basis [9], [10] is
associated with the following decomposition of the group element
g = eikiX
i
eik
0X0 (67)
Using Baker-Campbell-Haussdorf relation one easily checks that the relation between the bi-
crossproduct and normal bases takes the form
eikiX
i
eik
0X0 = eipµX
µ
, p0 = k0 , pi = ki
k0/κ
1− e−k0/κ (68)
This relation can be used to derive the expressions for all the Hopf algebra structures in the normal
basis from the bi-crossproduct ones (we will use the conventions of [36].) In what follows we will
list these structures commenting on the properties of the physical models expressed with their help.
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The algebra sector of κ-Poincare´ contains nontrivial commutators between boosts and momenta
and in normal coordinates it reads
[Ni, p0] = ipi
1− e−p0/κ
p0/κ
[Ni, pj ] = iδij
p0
2
(
1 + e−p0/κ
)
+ iδij
p2
2κ
1− e−p0/κ
p0/κ
+ ipipj
(
1− e−p0/κ
p20/κ
− 1
p0
)
(69)
This algebra looks rather complicated, but its quadratic Casimir5 and the associated mass shell
relation
4κ2
p20
sinh2
( p0
2κ
) (
p20 − p2
)
= m2 . (70)
are surprisingly simple.
We see that the massless particles mass-shell condition is undeformed and it follows that in the
limit of ultra-high energies (p0 ≫ κ) it is becoming undeformed for massive particles as well. Of
course the deformation disappears in the limit of low energies p0 ≪ κ, as usual. The simplicity of
mass-shell relation (70) is the first of convenient properties of the normal basis.
Another interesting thing to notice is that in the case of a particle moving with transplackian
energy p0 ≫ κ the algebra (69) simplifies greatly and becomes similar to the Carroll algebra,
describing the world, in which velocity of light is zero,
[Ni, p0] = 0 , [Ni, pj] = iδijp0 + i
pipj
p0
where the last term is present because at high energies p0 = |p|.
Co-products and momentum composition rules. Instead of deriving the coproduct for momenta
by using the corresponding expression in the bicrossproduct basis and eq. (68) and then read the
momenta composition law from the resulting formula, we will proceed in the opposite order, which
turns out to be much simpler.
As we know, in the case of κ-Poincare´ the momentum space is a group manifold and the
momentum composition rule (and, in turn, the coproduct) is defined from the group composition
rule. This rule can be found by using the following string of equalities
eikiX
i
eik
0X0eiliX
i
eil
0X0 = ei(k⊕l)iX
i
ei(k⊕l)
0X0 = eipµX
µ
eiqµX
µ
= ei(p⊕q)µX
µ
5 There is an ambiguity in defining the mass-shell condition in the case of deformed theories. The Casimir presented
here corresponds to the most natural kinetic operator ∂ˆ, see [35] for details.
23
and we get
(p⊕ q)0 = p0 + q0 (71)
(p⊕ q)i =
(
pi
1
f(p0)
+ qi
e−p0/κ
f(q0)
)
f(p0 + q0) , (72)
where
f(p0) ≡ p0
κ
1
1− e−p0/κ . (73)
One checks that (p⊕ p)µ = 2pµ; indeed
(p⊕ p)i = pi f−1(p0)f(2p0)(1 + e−p0/κ) = 2pi
as expected.
We see that the normal basis shares with the bi-crossproduct one the property that the energy
composition law is not deformed, which simplifies greatly both the calculations and their physical
interpretation.
Knowing the momenta composition law we can deduce now the form of the coproducts for
momenta
∆p0 = p0 ⊗ 1l + 1l⊗ p0 , (74)
∆pi =
(
pi
1
f(p0)
⊗ 1l + e−p0/κ ⊗ pi 1
f(p0)
)
f (p0 ⊗ 1l + 1l⊗ p0) , (75)
where the last term in (75) should be understood as a shorthand notation for the corresponding
Taylor expansion of the function f .
For completeness we present the coproducts of rotation and boost generators
∆Mi =Mi ⊗ 1l + 1l⊗Mi , (76)
∆Ni = Ni ⊗ 1l + e−P0/κ ⊗Ni + 1
κf(P0)
ǫijk Pj ⊗Mk , (77)
The antipode. On curved momentum space one can define the operation ⊖, which can be
understood as a deformed ‘minus’. It is defined by p(g−1) = ⊖p(g), or, equivalently by the
composition law requirement p⊕ (⊖p) = 0 for all momenta p. Alternatively one uses the concept
of antipode S which generalizes the minus for the algebra (69) generators.
It is a nice consequence of construction of the normal basis that the antipode for momenta is
not deformed
S(p0) = −p0 , S(pi) = −pi . (78)
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For rotation and boost generators we have
S(M)i = −Mi , S(N)i = −ep0/κ
(
Ni − 1
κf(p0)
ǫijk pjMk
)
(79)
The simplicity of the antipode of translational generators makes this basis well suited to dis-
cussion of the action of discrete symmetries P and T (see [47]).
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